Abstract. We construct a new phase-field model for the solvation of charged molecules with a variational implicit solvent. Our phase-field free-energy functional includes the surface energy, solute-solvent van der Waals dispersion energy, and electrostatic interaction energy that is described by the Coulomb-field approximation, all coupled together self-consistently through a phase field. By introducing a new phase-field term in the description of the solute-solvent van der Waals and electrostatic interactions, we can keep the phase-field values closer to those describing the solute and solvent regions, respectively, making it more accurate in the free-energy estimate. We first prove that our phase-field functionals Γ-converge to the corresponding sharp-interface limit. We then develop and implement an efficient and stable numerical method to solve the resulting gradient-flow equation to obtain equilibrium conformations and their associated free energies of the underlying charged molecular system. Our numerical method combines a linear splitting scheme, spectral discretization, and exponential time differencing Runge-Kutta approximations. Applications to the solvation of single ions and a two-plate system demonstrate that our new phase-field implementation improves the previous ones by achieving the localization of the system forces near the solute-solvent interface and maintaining more robustly the desirable hyperbolic tangent profile for even larger interfacial width. This work provides a scheme to resolve the possible unphysical feature of negative values in the phase-field function found in the previous phase-field modeling (cf. H. Sun, et al. J. Chem. Phys., 2015) of charged molecules with the Poisson-Boltzmann equation for the electrostatic interaction. *
I. INTRODUCTION
We consider the solvation of charged molecules in an aqueous solvent (i.e., water or salted water). The entire region Ω of an underlying solvation system consists of a solute (i.e., the charged molecule) region Ω m (m stands for charged molecules), a solvent region Ω w (w stands for water), and a solute-solvent interface Γ that separates these two regions. cf. Figure 1 . We assume there are N solute atoms located at x 1 , . . . , x N inside the solute region Ω m , carrying partial charges Q 1 , . . . , Q N , respectively. This solute-solvent interface is also treated as a dielectric boundary, as the dielectric coefficient ε m in the solute region is close to 1 and that ε w in the solvent region is close to 80. In a variational implicit-solvent model (VISM) [13, 14] (cf. also [37, 40, 45] ), one obtains an equilibrium solutesolvent interface and a free-energy estimate by minimizing a macroscopic solvation free-energy functional among all solute-solvent interfaces Γ. Such a functional includes the solute-solvent interfacial energy, solute-solvent van der Waals interaction energy, and the electrostatic free energy, all determined by the interface Γ. The electrostatic part of the free energy is often described by the Poisson-Boltzmann (PB) theory [5, 11, 29, 30, 36, 45] or the Coulumb-field approximation (CFA) [1, 40] .
In this work, we consider the phase-field implementation of VISM [10, 32, 37, 44] . We use a phase field φ : Ω → R to describe the solute-solvent interface with {φ ≈ 1} and {φ ≈ 0} representing the solute and solvent regions, respectively. The corresponding solvation free-energy functional of a phase field φ : Ω → R is given by
Here, > 0 is a small parameter that controls the width of solute-solvent interfacial region. The first term describes the solute-solvent interfacial energy, where γ > 0 is the surface tension (a given constant) and
The specific constant 18 is chosen for convenience of analysis; cf. Section II. The second term describes the solute-solvent van der Waals interaction. In this term, ρ w is the bulk solvent density (a given constant) and
where each U indicating that the integral is taken over the solvent region. The last term is the electrostatic energy, where U ele is the electrostatic energy density and the integral is again taken over the solvent region. For the PB electrostatics, one needs to solve a phase-field dielectric boundary PB equation to obtain the electrostatic energy density U ele [10, 31, 37] . Here, we shall consider the CFA, which yields a good approximation of the electrostatic free energy when the ionic effect is less significant. The CFA makes the computation efficient, and also provides a simple model for analyzing the geometry of interfacial region. In the CFA [6, 40, 44] , the electrostatic energy density is given by
where ε 0 is the vacuum permittivity. The minimization of the free-energy functional (I.1) can be achieved by solving for a steady-state solution of the corresponding gradient-flow equation
with a fixed and small > 0, and some initial and boundary conditions for φ.
The form of the function f (φ) is crucial to capturing the interfacial structure of an underlying interface system. An ad hoc choice of such a function, such as
may lead to some unphysical features, such as the non-monotonicity of the phase-field functions from 0 to 1 and the loss of localization of the force near the interface [37, 44] . In this work, we propose a new form of this function
We will demonstrate numerically that, with such a function f , the energy-minimizing phase-field approximates better 1 and 0, in the two regions, respectively. Heuristically, with such a function, we have not only (I.3), but also that
These will lead to a more localized "boundary force" near the solute-solvent interface that involves f (φ), which is consistent with the force balance equation (Euler-Lagrange equation) for a sharp interface [32] . Moreover, the localization of force due to the property (I.8) allows us to use a small computational box that encloses the entire solute region and solute-solvent interface, thus greatly improving the computational efficiency. Notice that the issue of non-monotonic artificial interfacial structure does not exist, if one only minimizes the surface energy, i.e., the first integral in (I.1). This issue arises from the nonlocality of the van der Waals energy and the electrostatic energy, the last two integrals in (I.1). We shall first prove the Γ-convergence of our new, phase-field free-energy functionals to the corresponding sharpinterface limit as → 0. This is similar to the proof given in [32] , cf. also [10] . We then design, implement, and test accurate and efficient numerical methods for solving the gradient-flow equation. Our methods couple a linear splitting scheme [12, 24, 39, 41, 42] , spectral discretization schemes, and exponential time differencing Runge-Kutta approximations [9, 23, 26, 39] . We finally apply our model and numerical methods to some charged molecules, such a single ion and a two-plate system, demonstrating that our proposed new model performs numerically better than the pervious ones by achieving the force localization near the solute-solvent interface and maintaining more robustly the desirable hyperbolic tangent profile for even larger interfacial width.
The variational implicit-solvent model (VISM), implemented with a robust level-set method, has successfully predicted dry and wet states and dewetting transition, charge effects, and potential of mean forces, and many other important properties of biological molecules that have been observed in experiment and in molecular dynamics simulations [7, 8, 20, 21, 35, 40, 45, 46] . The phase-field implementation of VISM provides an alternative mathematical model for the computation of molecular conformations and free energies. Moreover, it may be used to include bulk solvent fluctuations that together with the solute-solvent interface fluctuations enable an underlying system to make transition from one equilibrium conformation to another [25, 34] . This is particularly important in terms of hydrophobic interactions [2, 4, 38] .
The rest of the paper is organized as follows: In Section II, we prove the Γ-convergence of our phase-field functionals (I.1) to the corresponding sharp-interface limit. In Section III, we describe our numerical methods for solving the gradient-flow dynamics equation of the phase-field free-energy functional. Finally, in Section IV, we apply our theory and methods to the solvation of single ions and a two-plate system. The Appendix contains some details of our numerical methods.
II. Γ-CONVERGENCE
In this section, we will briefly discuss the Γ-convergence of the phase-field model (I.1) to the corresponding sharpinterface model by following the approach similar to that in [32] . To make our results more general, we consider as in [32] in this section the following functional of both phase field and the set of solute particles, including the solute-solute mechanical interactions:
where
and E = E[X] is the potential energy of molecular mechanical interactions of solute atoms located at x 1 , . . . , x N inside the solute region Ω m (cf. Figure 1 ) and X = (x 1 , . . . , x N ). The terms U vdW (X, x) and U ele (X, x) are exactly the same as U vdW (x) defined in (I.2) and U ele (x) defined in (I.4), respectively, except we explicitly include X to indicate the dependence on X. The molecular mechanical interactions include the chemical bonding, bending, and torsion; the short-distance repulsion and the long-distance attraction; and the Coulombic charge-charge interaction.
The corresponding sharp-interface model is written as
where Γ represents the solute-solvent interface in the sharp-interface setting.
Let Ω be a nonempty, open, connected, and bounded subset of R 3 with a Lipschitz-continuous boundary ∂Ω. Let Ω be the closure of Ω in R 3 . Let N ≥ 1 be an integer and denote
,and has a finite lower bound E min in Ω N . We also assume
We shall assume U (X, x) : Ω N × Ω → R ∪ {+∞} is finite and continous in (
, and has a finite lower bound U min in Ω N × Ω. We finally assume
We denote
For any (X, A) ∈ M 0 , we define
where P Ω (A), the perimeter of a set A ⊂ R 3 , is standardly defined by functions of bounded variation in BV (Ω) [17, 18, 47] . Since E and U are bounded below, F 0 (X, A) > −∞. If A ⊂ Ω is open and smooth, with a finite perimeter in Ω, then F 0 (X, A) = F (X, Γ), where Γ = ∂A and F is defined in (II.2) with Ω w = Ω \ A. Therefore, F 0 : M 0 → R ∪ {+∞} describes the free energy of a solvation system with A being the solute region.
As shown in [32] , we have the existence of a global minimizer of the sharp-interface free energy functional F 0 :
Theorem II.1. There exists (X, A) ∈ M 0 such that
Moreover, this minimum value is finite.
We omit the proof as it is similar to that of Theorem 2.1 in [32] . Additionally, the minimal energy in Theorem II.1 can be approximated by free energies of certain "regular" subsets, see Theorem 2.2 in [32] for details.
We now consider the functional F in (II.1). Let M =Ω N × H 1 (Ω), and 0 ∈ (0, 1] be sufficiently small. Then we have the existence of a global minimizer of the functional F : M → R ∪ {+∞} for small > 0.
and this infimum value is finite.
Proof. The key to proving the existence of a global minimizer is to obtain the lower and upper boundedness for
The upper bound is achieved easily as we can fix some X * and construct an associated φ * such that F [X * , φ * ] is bounded independent of (see Theorem 3.1 in [32] for the detailed construction of φ * ). For the lower bound, we have
Note that g : R → R is continuous, and U min is finite. Hence, if 0 is sufficiently small, then g(s) → +∞ as |s| → +∞. Then we have
with C = E min + |Ω| inf s∈R g(s).
With the lower and upper bounds, we can choose a sequence of (X k , φ k ) which is bounded inΩ N × H 1 (Ω). Using the standard compactness argument, we can find a subsequence, not relabeled, that converges to (X , φ )
Finally the Fatou's lemma will yield (II.5).
With the existence of global minimizers for sharp-interface energy F 0 and phase-field one F , we have the convergence of the global minimum free energies and the global free energy minimizers:
Then there exists a subsequence of
for any λ ∈ (0, 1) and for some measurable subset A 0 ⊆ Ω that has a finite perimeter in Ω. Moreover,
and
The proof is omitted as it is similar to the one in [32] .
III. NUMERICAL METHODS

A. Equivalent reformulation with a linear splitting
We first adopt an analogous linear splitting scheme that has been used in designing stabilized numerical methods for the classical Allen-Cahn equation [12, 24, 39, 41, 42] 
where κ ≥ 0 satisfying
Similarly, we rewrite f (φ) as
where µ ≥ 0 satisfies
Note that the potentials U vdW and U ele are unbounded near x i for each x i ∈ Ω m . Since the equilibrium phase field φ is expected to vanish in a small neighborhood of x i for each i, we truncate these potentials with a numerical parameter r cut > 0. The truncated potential U vdW is the sum of the truncated Lennard-Jones potentials U
For simplicity, let us still denote these modified potentials by U vdW and U ele , respectively. Let us set
Then the equation (I.5) in a stabilized form reads
where the linear term is
and the nonlinear term is
The new reformulation (III.1) will be used for the time-discretization based on the exponential time differentiation (ETD) Runge-Kutta method (ETDRK).
B. Spectral spatial discretization under periodic boundary condition
We consider a rectangular system domain Ω ⊂ R
for some positive numbers L x , L y , and L z , and impose the periodic boundary condition. We discretize Ω by a rectangular mesh which is uniform in each direction as follows:
We choose a time step ∆t > 0 and set t n = n∆t.
denote the approximate solution at grid x ijk and time t n . Denote the approximate solution in array form as Φ = (φ ijk ) 0:Nx−1,0:Ny−1,0:Nz−1 ,and denote its discrete Fourier transform (DFT) byΦ = (φ ijk ) 0:Nx−1,0:Ny−1,0:Nz−1 . Notice that the Laplacian operator ∆ in the spectral space corresponds to the spectrum
Taking the fast Fourier transform (FFT) [33] on both sides of the equation (III.1) yields noŵ
where L Φ is the FFT of L(φ) and is given by
Note that, since γ, , κ, µ and ν are all positive, and λ ijk ≤ 0, we have l ijk < 0. Therefore the following point-wise version of (III.2) is asymptotically stable:
We will develop next high-order Runge-Kutta approximations based on the exponential time differencing for the time integration of (III.3).
C. Exponential time differencing Runge-Kutta approximations
In this section, we adopt the exponential time differencing (ETD) method [9, 23, 26, 39 ] to explicitly and accurately solve the semi-discrete system (III.2) or (III.3). Let ∆t n be the time step size at time t n : t n+1 = t n + ∆t n . Integrating the equation (III.3) over a single time step from t n to t n+1 yieldŝ
which is exact. We apply various ETD-based methods to this equation as follows: approximate the nonlinear part [ N (Φ)] ijk by polynomial interpolations and then perform exact integrations on the new integrands [9, 24] . Denote byΦ n = (φ n ijk ) the numerical approximation ofΦ(t n ) = (φ ijk (t n )). Then the first-order scheme by the ETD Euler approximation, ETD1 (or ETD1RK), is given bŷ
Higher-order ETD schemes can be constructed based on multi-step or Runge-Kutta approximations. The 2nd, 3rd and 4th order Runge-Kutta schemes, which we refer as ETD2RK, ETD3RK, and ETD4RK, respectively, can be found in [9] . For the equation (III.2) we have the 2nd order scheme (ETD2RK):
whereǍ stands for the inverse discrete Fourier transform (iDFT) of A. The 4th order scheme (ETD4RK) readŝ
IV. NUMERICAL TESTS AND APPLICATIONS
In this section, we first validate our theory, particularly the incorporation of the new term f (φ) in the gradient-flow dynamics (I.5), by comparing it to the old model (I.6) for a one-particle system. For reference, a table of parameter values is listed in Table IV.1. We then apply our ETD-based Runge-Kutta method to a two-plate system. We compare the ETD1RK, ETD2RK and ETD4RK for the numerical efficiency, and the corresponding convergence rates. Then for different distances of separation of the two parallel plates with various charge combinations, we calculate the different components of the mean-field free-energy with loose and tight initial surfaces. We now validate our theory by considering a one-particle system (N = 1). We place a single point charge Q at the origin immersed in water. As the one-particle system is radially symmetric, the phase-field free-energy functional (I.1) reduces to that of radially symmetric phase fields φ = φ(r) (N = 1 and Q 1 = Q):
where U vdW (r) is given by (I.2) with N = 1, X = 0, and ε 1 and σ 1 are given in Table IV Table IV .1, we solve the gradient-flow dynamics ∂ t φ = −δF ,rad [φ]/δφ. The numerical scheme we adapt here is the Crank-Nicolson method [28] and Thomas algorithm [22] for the corresponding tri-diagonal linear system. 2 . Our new phase-field implementation improves the old ones in several aspects. (1) The new model displays a better hyperbolic tangent profile than the old one as seen in Figure 2 (a). More specifically, the equilibrium phase field φ in the new model shows a desirable hyperbolic tangent shape which monotonically changes its value from 1 to 0, while the old model presents some unphysical feature near the interfacial region, where φ has a deviation of O(0.01)Å away from 0 and takes negative values. (2) The new model maintains the force localization near the interface as seen in Figure 2 (b) . In the old model, all the three forces have nonzero contributions in the region of {φ ≈ 0}. (3) The force localization in the new model allows us to use a much smaller computational box that encloses the entire solute region and solute-solvent interface which greatly improves the computational efficiency. Of course, the deviation of φ can be mitigated by letting → 0 by the theoretical study in [32] . However, in real applications, especially in the 3D simulations, has to remain relatively large to reduce the computational cost. Therefore, the new model is advantageous for keeping the hyperbolic tangent profile of φ and localizing the forces only near the interfaces even for a relatively large . It is worth mentioning that the force localization due to f (φ) = (φ 2 − 1) 2 occurs not only at the equilibrium, but in the entire gradient-flow dynamics. Therefore it can potentially be used to study non-equilibrium dynamics such as cell motion [3] .
We now compare our results of phase-field computations with those of the sharp-interface implementation. For a one-particle system, the sharp-interface free-energy functional (II.2) is a one-variable function of the radius R of the solute sphere centered at the origin [40] This one-variable function can be minimized numerically with a very high accuracy. We test on a set of Q-values: Q = 0.0e, 0.5e, 1.0e, 1.5e, 2.0e. We use both the sharp-interface and phase-field models to calculate the optimal radius R min , the total minimum free energy F tot , and the corresponding surface energy F surf , solute-solvent van der Waals interaction energy F vdW , and the electrostatic energy F elec , respectively. For our phasefield calculations, we use different values of the numerical parameter . Table IV.2 shows our computational results. It is clear that as becomes smaller, the result of the phase-field model is also closer to that of the sharp-interface model.
B. Two parallel plates
We now consider the system of two parallel molecular plates that has been studied by the molecular dynamics simulations [27] and by the sharp-interface VISM [40] . Each plate consists of N p × N p fixed CH 2 atoms with N p = 6 and the atom-to-atom distance d 0 = 2.1945Å. The plate has a square length of about 30Å. The two plates are placed in parallel with a center-to-center distance d. We use the parameter values listed in Table IV.1. To study the charge effect, as in [40] , we assign central charges q 1 and q 2 to the first and second plates, respectively, with |q 1 | = |q 2 |. The total charges of these two plates are 36q 1 and 36q 2 , respectively.
Let us consider the gradient-flow dynamics (III.1) starting with two parallel plates of separation d = 12Å. We choose the uniform spatial mesh 256 3 with L x = L y = L z = 18Å (i.e., the mesh size h = 2L x /256) and set = 0.5. The time step is taken uniformly as ∆t = 0.05. We use two types of initial phase-field functions. One is called a loose initial, such as the characteristic function of a box
that contains the two plates. The other is called a tight initial, which can be the characteristic function of two boxes that wrap up the two plates separately. We set the stopping criteria for our time iteration by
∆t n < TOL = 10 −3 Figure 3 shows stable equilibrium solute-solvent surfaces of two-plate system obtained by solving the gradient-flow dynamics (III.1) with loose initials of separation d 0 = 12Å. The partial charges are (q 1 , q 2 ) = (0.1e, 0.1e), (−0.1e, 0.1e), (0.2e, 0.2e), (−0.2e, 0.2e), respectively, from left to right. Note that the larger the partial charges are, the tighter the solute-solvent surfaces wrap the two plates. Meanwhile the surfaces wrap tighter when the partial charges change from +/+ to −/+. Figure 4 shows the energy evolution for the gradient-flow dynamics of the two-plate system with loose initial of separation d 0 = 12Å and (q 1 , q 2 ) = (0.2e, 0.2e). The stabilized ETD1RK, ETD2RK, and ETD4RK schemes are adopted with different values of time step size ∆t = 1, 0.1 and 0.01. The first row compares the energy curves under different time step sizes for each of the three stabilized ETDRK schemes, while the second row reorganizes the curves using different schemes but with the same time step size. It is easy to see that all the schemes work stably with all time step sizes, and converge as the time step size is decreased. The lower right plot in Figure 4 shows that for ∆t = 0.01 the energy curves for different schemes are nearly indistinguishable. A good agreement is also found between the curves for ∆t = 0.1 and ∆t = 0.01 for ETD4RK in the upper right plot of Figure 4 . FIG. 3 . Simulation of the gradient-flow dynamics (III.1) for the two-plate system using the stabilized ETD4RK scheme with ∆t = 0.05 and loose initials. The surfaces are defined as the 1/2-level set of a phase-field function φ. The plate-plate separation is fixed to be d = 12Å. From (a) to (d): the snapshots at t = 0, 50, 500 and 1000 during the gradient-flow dynamics with (q1, q2) = (0.2e, 0.2e). From (e) to (h), the equilibrium states of the solute-solvent interface for different partial charges (q1, q2) = (0.1e, 0.1e), (−0.1e, 0.1e), (0.2e, 0.2e), (−0.2e, 0.2e), respectively.
We further test the convergence rates of the stabilized ETDRK schemes. To this end, we perform the simulations on a small time interval [0, 1]. We take the solution generated by the ETD4RK scheme with ∆t = 10 −4 as the benchmark solution and then compute the errors in energy for all schemes with larger step sizes. Table IV. 3 presents the energies, errors and the convergence rates based on the data at t = 1 for all schemes with time step sizes being halved from ∆t = 1 × 10 −1 to 1.5625 × 10 −3 . These data are also used to generate Figure 5 which shows energy errors against time step sizes in a logarithmic plot for different ETD Runge-Kutta schemes. We can see from both the table and curves that the numerically computed convergence rates all tend to approach the theoretical values. Moreover, to obtain an energy error comparable to that of ETD1RK with ∆t = 1.5625 × 10 −3 , we can take a 2 3 -times larger step size for ETD2RK, or a 2 6 -times larger step size for ETD4RK. Since the computational cost of ETD4RK scheme is about 4 times of that for ETD1RK per step, the ETD4RK scheme basically provides a factor of 16 speed-up at this particular accuracy level for this special test case. For a given reaction coordinate d, there can be multiple stable equilibrium phase fields φ d that are local minimizers of the phase-field VISM free-energy functional. In Appendix V, we briefly discuss the Potentials of Mean Force (PMF) which can effectively describe the solute-solute interaction. The PMF can have multiple branches along the reaction coordinate d, and hence can lead to hysteresis. Strictly speaking, our PMFs are different from those defined using a Boltzmann average over all possible minimizers. Rather, our PMFs reflect possible branches of the VISM free energy along the reaction coordinate d.
In Figures 6 and Figures 7 , we plot the different components of the PMF with loose and tight initial surfaces, respectively. For the loose initials (Figure 6 ), the geometric part displays a strong attraction below a critical distance d c at which capillary evaporation begins. The crossover distance decreases from d c 21Å for (q 1 , q 2 ) = (−0.2 e, +0.2 e) down to 9Å for (q 1 , q 2 ) = (0 e, 0 e). The value 21Å is larger than 14Å predicted by the sharp-interface VISM where the curvature correction was included. Note that the opposite charging has a much stronger effect than like-charging due to the electrostatic field distribution discussed above. Also the solute-solvent vdW part of the interaction is strongly affected by electrostatics due to the very different surface geometries induced by charging. Both curves G PMF geo (d) and G PMF vdW (d) demonstrate the strong sensitivity of nonpolar hydration to local electrostatics when capillary evaporation occurs and very "soft" surfaces are present. For the surfaces resulting from the tight initials (Figure 7) , the situation is a bit less sensitive to electrostatics as the final surface is closer to the vdW surface for 
V. CONCLUSIONS
We have presented a new phase-field model to study the implicit solvation of charged molecules with Coulomb-field approximation. In this new model, we introduce the term f (φ) = (φ 2 − 1) 2 in (I.1) to localize the boundary force near the solute-solvent interface. In comparison with the old model used in our previous work, the new one keeps the force localized only around the interface. In addition, the new model displays a better hyperbolic tangent profile than the old one for a fixed interfacial width > 0.
We have shown that our new phase-field model Γ-converges to the corresponding sharp interface model. To make our theory more general, we include the solute-solute mechanical interactions in the energy functional for our Γ-convergence analysis. In developing the numerical method for the phase-field gradient-flow dynamics, we first adopt a linear splitting scheme to reformulate the underlying equation, and then use an exponential time differencing method coupled with a Runge-Kutta scheme to solve the system which has been shown recently to be stable and efficient when dealing with a gradient-flow dynamics [23, 39] . Using the two-plate system as a testing example, we have tested the efficiency and convergence for the ETD1RK, ETD2RK, and ETD4RK schemes. Furthermore, we have used the ETD4RK scheme to study the effects of the separation of two plates and particle charges on the PMF. The simulations indicate that the two-plate system displays two different steady states obtained from loose and tight initials, respectively. The loose-initial steady state is energetically more favorable than the tight-initial steady state for a small distance of separation. When the distance of separation becomes larger and larger, the tight-initial steady state will becomes a more stable one. Our applications to single ions and two parallel charged plates have shown that our new theory and method can not only predict qualitatively well the solvation free energies for the system as in the previous studies [13, 37, 44] , but more importantly improve the previous ones better in a few aspects such as maintaining desirable a hyperbolic tangent profile, keeping the force localized around the interface, and improving the computational efficiency by allowing a much smaller computational domain.
We are currently working to incorporate the Poisson-Boltzmann equation into our new phase-field VISM to better describe the electrostatic interaction. Another possible direction for our future study is to investigate the minimal energy path between the two solution branches of the two-plate system by coupling the phase-field VISM with the string method [15, 16, 43] which will lead us the dynamics of two-plate system going from a loose-initial steady state to a tight-initial steady state.
APPENDIX
To reduce the error in approximating the solute-solvent interaction energy caused by using a finite region Ω, we replace the region of integral Ω in the last term in (I.1) by the entire space R 3 . Since the region outside Ω is filled with solvent where φ = 0, this is equivalent to adding
We now consider the potential of mean forces (PMF) for the two-plate system with the reaction coordinate being the plate-plate separation d inÅ. Let us denote by φ d a free-energy minimizing phase field corresponding to a given 
These three terms are the same as those in (I.1), except the integrals are over R 3 . Since φ d = 0 outside Ω, the first term F geo [φ d ] is exactly the same as the first integral in (I.1) with φ d replacing φ. As in [19, 40] , we define the (total) PMF by 
Here a quantity at ∞ is understood as the limit of that quantity at a coordinate d as d → ∞, and U i,j is the Lennard-Jones interaction potential between x i and x j . A quantity at ∞ can be calculated by doubling that of a single plate.
For each d and ε > 0, we compute φ d and φ ∞ , the latter is obtained by minimizing (I.1) for a single plate. This is one of the two plates in terms of the solute atomic positions. Then, we can compute G 
The integrals over Ω can be evaluated by numerical quadrature. Note that f (φ d ) and f (φ ∞ ) vanish in a neighborhood of solute particles x i so that these integrals are well-defined. By the symmetry and the fact that the single plate that we used for calculating φ ∞ is one of the two plates, the sum of the integrals over R 3 \ Ω are simplified to 2τ 0
For each pair i and j in the double-sum, we have
where ∂/∂n denotes the normal derivative along the boundary ∂Ω and n(x) is the unit normal to ∂Ω at x pointing from inside to outside of Ω. By the symmetry again, we have x − x j |x − x j | 2 dS x , and can therefore be calculated by evaluating the surface integrals.
